Coherent States with SU(N) Charges 



Manu Mathur 1 and Samir K. Paul 2 



S. N. Bose National Centre for Basic Sciences 
O ' JD Block, Sector III, Salt Lake City, Calcutta 700 098, India 

ft 

Abstract 

We define coherent states carrying SU(N) charges by exploiting generalized Schwinger 
boson representation of SU(N) Lie algebra. These coherent states are defined on 2 (2 Ar_1 — 



(N 



', states. 



1) complex planes. They satisfy continuity property and provide resolution of identity. 
We also exploit this technique to construct the corresponding non-linear SU(N) coherent 
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1 Introduction 
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The simplest coherent states are associated with the Heisenberg-Weyl group with the Lie 
algebra involving a harmonic oscillator creation- annihilation operators (a*, a) obeying: 

=S ' 

FT [a,at]=J. (1) 



In (1), I is the identity operator. The coherent states belonging to the Heisenberg-Weyl 



group are defined as [1, 2, 3, 4]: 



oo z n 



\z)„ = exp{zd)\b) = Y t -n\n> ( 2 ) 



The subscript oo in (2) denotes that the coherent states belong to the infinite dimensional 
representation of the Heisenberg-Weyl Lie algebra (1). The manifold corresponding to the 
Heisenberg-Weyl group is the complex z plane and the corresponding coherent states (2) 
are continuous functions of z. Further, they are eigenstates of the annihilation operator: 

a^oo = z \z)oo. (3) 

It is also easy to verify that \z)oo satisfy the resolution of identity: 

Jd^z)\z) xoo (z\=l. (4) 
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In (4), dfi(z) = exp{ — (\z\) 2 } is the measure over the group manifold. The coherent states 
in (2) can be generalized to define non-linear coherent states by demanding: 




where, c(0) = 1, and c(n) = UkZoif W]" 1 if n > 1. The expansion in (6) can be summed 
over to get an exponential form: 



where H f (N) = Note that \z, f = l)oo = \z)oo- 

In this paper, we generalize the above simple ideas associated with the Heisenberg-Weyl 
group to SU(N) group. For this we need to generalize the Schwinger boson representation 
of SU(2) Lie algebra with a doublet of harmonic oscillators [5] to SU(N) group. This 
representation of the SU(N) Lie algebra in terms of certain number of harmonic oscillators 
will help us define coherent states which are characterized by (N-l) charges. These (N - 
1) charges are the eigenvalues of the (N-l) generators belonging to the Cartan subspace of 
SU(N). The coherent states with the above property will be called fixed charge coherent 
states or more explicitly, coherent states with SU(N) charges. The fixed charge coherent 
states also satisfy certain eigenstate conditions which are similar to (3) and thus are very 
different from the 'generalized coherent states' defined by Perelomov [6]. More specifically, 
while the previous ones, by definition, are the eigenstates of (N - 1) diagonal generators 
belonging to the Cartan subspace of SU(N), the generalized SU(N) coherent states are 
eigenstates of the (N-l) Casimirs of SU(N), i.e, they are defined within various irreducible 
representations of SU(N). Further, the fixed charge coherent states are defined on complex 
planes while the later are defined on the SU(N) group manifolds which are compact. 
Infact, this work corresponds to a simple generalization and a co- variant formulation of 
the work done in [7] for SU(2) group to SU(N) group for arbitrary N. The techniques 
using the generalized Schwinger representation of SU(N) Lie algebra [8, 9] developed in 
this paper also lead to a unified formulation of the above two types of coherent states. 
This will be clear as we proceed. We further generalize this construction of fixed charge 
coherent states to define non-linear fixed charge SU(N) coherent states. This corresponds 
to generalizing the well studied non-linear coherent states in (7) of the Heisenberg-Weyl 
group [10, 11, 12, 13] to SU(N) group. At this stage we should mention that the work in 
[14] deals with SU(3) charged coherent states and many ideas of this paper are borrowed 
and generalized to SU(N) from there. However, the work [14] is not complete as it involves 
only symmetric representations of SU(3) and therefore does not reveal the much richer 
contents of the SU(3) charged coherent states (section 3). 




(7) 
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The plan of the paper is as follows: In section 2 , we deal with the SU(2) group and define 
SU(2) charge as well as spin or generalized SU(2) coherent states using the Schwinger 
boson representation. This formulation will put the above two types of coherent states 
on similar footing. We then deal with SU(2) non-linear charge coherent states in section 
2.1 . The section 2 contains some of the results of [7] in a co- variant language which is 
necessary for it's generalization to SU(N) groups. It, therefore, provides a platform to 
understand the SU(N) (N > 3) techniques of section 3 and section 4 within the much 
simpler SU(2) framework. The section 3 deals with SU(3) group and defines SU(3) charge 
coherent states and their non-linear analogs. This section is required for the continuity 
before going to SU(N) for arbitrary N as SU(2) group is too simple. More explicitly, the 
SU(N) groups for N > 3 has more than one fundamental representations which requires a 
much more careful analysis. This will be emphasized in section 3 and section 4. Thus, in 
section 3 we find many features/results for SU(3) which were redundant /absent for SU(2) 
group. Finally, in section 4 we straight-away generalize the contents of section 3 to SU(N) 
for arbitrary N. 

2 Coherent States with SU(2) Charge 

We start this section with the standard definition of generalized SU(2) coherent states 
[6]. We then introduce Schwinger bosons [5] to construct SU(2) Lie algebra and exploit 
it to give an easier formulation to construct the above coherent states. This formulation 
with some simple changes leads to fixed charge SU(2) coherent states. The SU(2) group 
involves 3 angular momentum generators, J±, J 2 and J 3 and the Lie algebra is: 

[J a , J b ] = i e abc J c , a, b, c= 1,2, 3. (8) 

— * — * 

The SU(2) Casimir is J.J with eigenvalue j(j+l) where j is half integer spin. To construct 
the SU(2) spin coherent states, we define the group element U using the three Euler angles, 
i.e., U(8,(p,ifj) = exp(i0J 3 ) exp(i8J 2 ) exp(iif)J 3 ). Further, in the spin j representation, we 
use the highest weight \j,j) as the chosen representation state vector. The SU(2) coherent 
states are defined as: 

+3 

= exp(i C m{0A) \j,m> , (9) 

m=-j 

In (9), 

C m {9,<j>) = J (?+m w -_ m)! exp{im(t>) (sin^) 3 ™ (co/)' +m (10) 
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The above construction is simple. However, for larger Lie group and in particular for 
SU(N) N > 3, it becomes extremely difficult to compute the expansion coefficients anal- 
ogous to C m (9,(p). This problem is completely evaded by another equivalent formulation 
which exploits the Schwinger boson representation of the corresponding Lie algebra [8, 9]. 
Further, this method like Heisenberg construction of section 1, involves harmonic oscilla- 
tor creation anihilation operators and resembles (2). We will illustrate this procedure for 
SU(2) in this section before going to SU(N) for arbitrary N. 

The algebra in (8) can be realized in terms of a doublet of harmonic oscillator creation 
and annihilation operators a = (ai,a 2 ) and a) = (a\,a 2 ) respectively [5]. The number 
operators are N\ = a\a\ and N 2 = a 2 a 2 . They satisfy the bosonic commutation relations: 

[a h a)} = 5ij, i,j = 1,2. (11) 

The vacuum state is |0, > and an arbitrary state in the number operator basis is written 
as \ni,n 2 >■ It satisfies: 

Ni \n 1 ,n 2 >— ni \ni,n 2 >, N 2 |m, n 2 >— n 2 \n\, n 2 > . (12) 
We can now define the angular momentum operators in (8) as: 

J a = \ at % , (13) 

where a a denote the Pauli matrices. It is easy to check that the operators in (13) satisfy 
(8). Further, as they involve one creation and one annihilation operator, the Casimir (C) 
is: 

C = JVi + N 2 . (14) 

One can also explicitly check that J ■ J = \C{C + 2) = |aT • a{a) • a + 2). Thus the 
representations of SU (2) can be characterized by the eigenvalues of the total occupation 
number operator and the spin value j is equal to n/2 = (ni + n 2 )/2. With the SU(2) 
Schwinger representation (13), we can directly generalize (2) to SU(2) 3 : 

\z> n =2j = S [ai U 1+ a 2 t a2 ,n] 6Xp(f-a t ) |0, > 

= n\ -, 2 \n — r, r> (15) 

r =o y(n — r)\ r! 

In (15), the delta function is the spin projection operator and it projects out all states 
with fixed spin value. (z±, z 2 ) is a doublet of complex numbers and satisfy the constraint 

3 A similar construction using Holstein Primakov representation of SU(2) Lie algebra was given in [15]. 
We find that (15) is simpler and easily generalizable to SU(N). 
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\ z i\ 2 + \ z 2\ 2 = 1- Thus the coherent states in (15) are defined over the hyper-sphere S 3 . 
By construction, the coherent states in (15) satisfy: 

C\z> n = n \z> n . (16) 

The equivalence of (9) and (15) is trivially shown by considering the coherent states in 
the simplest j — 1/2 or equivalently n=l representation and we get: 



■ ip ■ <p U ■ ip ■ <p U 

zi = e l ~e l 2cos-, z 2 = e l ~ e~ l ? sin- . (17) 

Substituting the values (17), the Schwinger construction (15) reduces to the standard con- 
struction (9) given by Perelomov [6]. The resolution of identity follows because under the 
SU(2) group transformation operator U = expi J2a=i o: a J a , (zi,z 2 ) rotates as a doublet, 
i.e,: 

Zi -> {exp l -a a <j a ) ij z j . (18) 

Therefore, the operator, 




with J SU (2) d/i(z) = j d 2 z 5{\z\ 2 — 1), remains invariant under SU(2) and therefore, by 
Shur's lemma, must be proportional to the identity operator. The above simple procedure 
using Schwinger bosons to construct SU(2) coherent states with fixed value of the Casimir 
was generalized to SU(N) in [8, 9]. At this stage, we also have the possibility of defining 
SU(2) coherent states which are eigenstates of the third component of the angular mo- 
mentum [7] instead of the spin operator. We define the SU(2) charge operator Q to be 
twice of the third component of the angular momentum, i.e, 



<2 = a\ai — a\a 2 . (20) 

We further note that: 

[Q,aia 2 ]=0 (21) 

Thus the complete set of commuting operators for SU(2) is (Q, a^)- The SU(2) fixed 
charge (q) coherent states are obtained from (15) simply by replacing the spin projection 
operator by fixed charge projection operator, i.e,: 

1*1,22 >q = ^[axtai-^taa,?] exp (i* • O f ) |0,0 > 
oo Jg+n) n 

E l 2 i 

71 r. , \Q + n,n> 
n =o yj{q + n)\ n\ 

Z\^ 1 

= — )= exp (z 1 z 2 — ai t a 2 t )|g, > (22) 
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Fixed charge coherent states in (22) satisfy: 



Q\zi,z 2 > q = q \z u z 2 > q (23) 

Thus, the equation (23) for fixed charge replaces the equation (16) for the fixed spin 
coherent states. The two types of coherent states defined in (15) and (22) are very 
different in their structures. The projection operator (20), unlike Casimir projection 
operator (14), does not commute with the SU(2) generators. Therefore, \zi,z 2 >j are the 
vectors in the j th irreducible representation of SU(2) while \zi,z 2 > q are the vectors in 
the infinite dimensional Hilbert space of the two harmonic oscillators. Further, \zi,z 2 > q 
are the eigenstates of the destruction operators: 

a 1 a 2 \z 1 ,z 2 > q = z 1 z 2 \z 1 ,z 2 > q (24) 

and are defined on C 2 to satisfy resolution of identity. In this sense, (22) are closer to 
(2). To prove the resolution of identity, we start with the trivial identity operator in the 
direct product Hilbert space of two Heisenberg-Weyl coherent states (2) characterized by 
Z\ and z 2 , i.e,: 

J= V V / dn{z x ) I dii(z 2 )—^==L= 1 2 \m > \n 2 >< mi| < m 2 |(25) 
„r^_ n ^r^_„J J \/nA nil \/mi! mo! 



ni,n2=0 mi,rri2=0 ' 



In (25), we insert the following two trivial identities: 

oo oo 

Y,$( n i - n 2 ~ q) = 1 ^ 5{m 1 - m 2 - q') = I (26) 

q=0 q'=0 

and rearrange the summations over (rii,n 2 ) and (mi,m 2 ) in terms of q and q'. The two 
angular integrations over the phases of z\ and z 2 lead to: 

oo 

Z = ^l\ dK z i) / dfi{z 2 )\z 1 ,z 2 > q q < z u z 2 \ (27) 
2.1 Nonlinear Formulation 

Motivated by the non-linear formulation of the Heisenberg Weyl coherent state in (5), we 
can define the non-linear SU(2) coherent states as: 

f(N u N 2 )a 1 a 2 \z 1 , z 2 ; f > q = z 1 z 2 \z 1 , z 2 ; f > q (28) 

We expand \z\, z 2 \ f > q : 

oo 

\z\, z 2 ; f > q = C n {z u z 2 ; f) \q + n,n> (29) 



n=0 
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The equation (28) implies: 
C n (zi, z 2 ; f) = \- 



q ! 



n 



Zl z 2 



n + q)\n\ ^Ji f(n + q — k,n — k) 



Co(z\, z 2 ; f) 



(30) 



We would like to put (29) in the exponential form analogous to (7). For this we substitute 
(30) in (29) and after rearranging terms we get: 



\zi, z 2 \ f > c 



^ (n + g)!n! 

oo i 2 
n=0 ,l - i=l 



(n 



Zi a 



n 



Zi &i 



I= i/(JVi + n-Z,iV 2 + n-Z) 

n 

[n^/(^i + ^^2 + A;)] |g,0> 



|g,0> 



k=i 



where, 



(N ± + k) f(Ni - l + k,N 2 -l + k) 
Now using the operator identity: 

n 
k=l 

we finally get: 

\zi, z 2 ; f > q = C exp z x z 2 H f (N u N 2 ) a\a\ \q, > 



(31) 



(32) 



(33) 



(34) 



Z 

Using the condition: \zi,z 2 ;f = 1 > a = \Zi,z 2 >„, we get C$ = —j=. We note that the 

structure of SU(2) coherent states \z\, z 2 ; f > q in (34) is same as that of the Heisenberg 
Weyl coherent state |z,/)oo i n (7). 

We thus see in the above sections that the Schwinger boson algebra associated with SU(2) 
group is extremely useful and convenient to define SU(2) coherent states with fixed spin 
(15) as with fixed charges (22). Further, one can trivially generalize the above construction 
to define fixed charge nonlinear coherent states. At this stage, it should be emphasized 
that for fixed charge linear and non-linear coherent states, the Schwinger boson construc- 
tion presented here is most natural. This is because it involves the operators ai, a 2 , e.g the 
equations (24) and (28), which are like 'square roots' of the angular momentum operators. 
Further, it is not obvious how a simple modification of the standard construction (9) can 
lead to fixed charge coherent states. In the next two section we will generalize these ideas 
to SU(N) group and construct SU(N) coherent states with fixed (N - 1) charges. 



3 Coherent States with SU(3) Charges 

The group SU(3) is of rank two and therefore it has two fundamental representations 
transforming like triplet and anti-triplet. We, therefore, define two triplets of harmonic 
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oscillator creation and annihilation operators (aj,&j), i— 1,2,3, satisfying [16]: 

[a,i,a]} = Sij , [h,b]\ = % , 

[a t , bj]= 0, [a l7 b]}=0. (35) 

— # ^ 

We will denote these two triplets by (a, b) and the two number operators by iVj and 
Mi respectively; iVj = a^Oj, Mj = foj 6j. Similarly, the vacuum state can be labelled by 
|0 a , Ob >■ Henceforth, we will ignore the subscripts a, b and will denote the vacuum state 
by |0, > or more explicitly by |£ ^ q). Let 4^, a = 1, 2, 8 be the generators of SU(3) 
in the fundamental representation; they satisfy the SU(3) Lie algebra [4^, y] — if abc ^j- 
Let us define the following operators 

Q a = - Ux a a-b^X* a b) , (36) 
where a t A a a = af A?-a_j, and 6 t A* a 6 = b\\*^b,j. To be explicit, 



Q 3 = 


1 r t 

- {a[ai - 


— 


b{h + b\b 2 ) , 


Q 8 = 


1 ( t 
2V3 ( ° iai 


+ 


- 2a\a 3 - oj&i 


Q 1 = 


1 , t 

- (a[a 2 + 


a\a x - 


b\h - blh) , 


Q 2 = 


* f t 


— a^Oi 


+ b[b 2 - blh) 


Q A = 


1 / t 

- (a[a 3 + 


a\a x - 


b\h - blh) , 


Q 5 = 


* ( t 


— a\a\ 


+ b\b 3 - blh) 


Q 6 = 


\ (4^3 + 


a\a 2 - 


blh - b\b 2 ) , 


Q 7 = 


- \ (4a 3 


— a\a 2 


+ b\b z - blb 2 ) 



(37) 

It can be checked that these operators satisfy the SU(3) algebra amongst themselves, 
i.e., [Q a ,Q b ] = if abc Q c . The two Casimirs of SU(3) are the two types of total number 
operators, i.e,: 

d = Ni + N 2 + N 3 , 

C 2 = M! + M 2 + M 3 - (38) 

This can be seen simply by looking at the SU(3) generators in (37). They always involve 
one creation and one destruction operators of each type and hence both the operators in 
(38) commute with all the SU(3) generators. The eigenvalues of C\ and C 2 will be denoted 
by n and m respectively. Further, 

[Q a ,a]] = \%a), [Q a ,b\] = -\™b) , 
[Q a , a f • a] = , [Q a ,tf-b] =0 (39) 
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From Eqs. (39), it is clear that the three states a\\6, > with (n — l,m — 0) and 
b\\6, > with (n — 0, m — 1) transform respectively as the fundamental representation 
3 and its conjugate 3 representation. By taking the direct product of N a^'s and M M's 
and subtracting the traces we can form any of the higher irreducible representations of 
SU(3) [8]. We can now define the SU(3) coherent states with fixed values of Casimirs (or 
generalized coherent states) as: 

|^,w> (n>m) = 5 {Cl ,n)8(c 2 ,m) exp (z-tf + w-P)\6,6> (40) 

The coherent states in (40) are straight forward generalization of the corresponding SU(2) 
coherent states in (15). The two delta function constraints mean: 

Ci \z, W >{n, m ) = Tl\z,W>( njm ) 

C 2 \z,W >( n ,m) = m\z,W>( n<m ) (41) 

The complex vectors (z, w) in (40) are the sets of two orthonormal triplets [8] describing 
the SU(3) manifold. They satisfy: 

|^ 2 = |w| 2 = l, z.w = 0. (42) 

The resolution of identity follows from the fact that under SU(3) transformations z and 
w transform like triplet and anti-triplet respectively. Therefore, the operator: 

l(n,m)= dfi{z,w) \z,W>(n,m) (n,m)<Z,w\, (43) 

JSU(3) 

with Jsu(3) dfj,(z,w) = / d 3 z d 3 w5(\z\ 2 — l)5(\w\ 2 — l)8(z.w), is an SU(3) invariant. Thus 
I( n ,m) m (43) commutes with all the SU(3) generators in (37) and hence it is proportional 
to the identity operator for all possible values of (n,m). On the other hand, the SU(3) 
Lie algebra involves two diagonal generators and therefore we can define two mutually 
commuting charge operators: 

Qi = 2 Q 3 , Q 2 = 2V3Q 8 (44) 

It is easy to see that the complete set of commuting operators (CSCO) is given by the 
set 4 : [<2i, Q 2 , aia 2 a 3 , bib 2 b 3 , ai&i, 02^2, 03^3]- We now define the coherent states with fixed 
SU(3) charges as: 

l^^>(?i,? 2 ) = ^(Si,9i)^(S2,92) ex P (z-a' + w-P)\0,0> (45) 
In (45), the two 5 function constraints imply that the states on the left satisfy 

QiW,w) (quq2) = q x \z,w) (quq2) 

Q2\z,w) {guq2) = q 2 \z,w) {guq2) (46) 



4 Note that the formulation in [14] corresponds to ignoring & 1; b 2 and b 3 or equivalently putting Mi 
M 2 = Af 3 = 0. 
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The equations (45) and (46) are the SU(3) analogs of the similar equations (22) and (23) 
in the case of SU(2) respectively. In terms of the occupation number states characterized 
by (711,712,713) and (mi, 7712,777.3), the eigenvalue equations (46), 

Qlni, n 2 , n 3 \ _ irei, n 2 , n 3 \ _ _ i o (47^1 
almi,m2,m 3 / lmi,m2,m 3 /> u ^ ^ I 41 V 

can be easily solved for the first two occupation numbers (ni,n 2 ) in terms of the two 
SU(3) charges (qi,q 2 ) and rest of the occupation numbers. The solutions are: 

n 2 = n 3 + -(q 2 - qi) + 2(m 2 - m 3 ) (48) 

TT-i = 77 3 + q 1 + ^{q 2 - qi) + {m x - m 2 ) + 2(m 2 - m 3 ) 
By defining g = 0, the solutions in (48) can be written in a compact form: 



71; 



n 3 + h + Yl a ( m « ~~ m a+i), i = 1, 2. (49) 



In (49), Zj = Sa=i (a(^ a ~~ 9o-i)- The above solution for SU(3) group is written in a form 
which can be generalized to SU(N) group (see section 4 ). The equations (45) and (46) 
imply: 



130 ><*,*)= E E ^^^(^^l^'^s 3 ) ( 5 °) 

n3=0 mi,m2,rri3=0 



where, 



~«2 ~»i3 mi m2,.,m3 

/6l /OO /OQ U/i UJo UJo 



D n 3 — *\ ^1 ^2 ^3 «"1 "^2 ^3 



Tii !tt,2 !n3!mi!m2!m3! 



2 



In (51), the occupation numbers rii and r7, 2 are given in terms of the two charges qi, q 2 
and the rest of the occupation numbers by (48). We further note that the coherent states 
defined in (50) are infact eigenstates of CSCO, i.e,: 

Qa\z,w)( qi ,q 2 ) = qa\z,w) {quq2) , d = 1, 2 

aia 2 a 3 \z, w)( quq2 ) = ziz 2 z 3 \z,w)^ qi)q2} , (52) 
&i6 2 6 3 |z,w) (?li?2) = WxW'iW^z.w)^^) 

aibi\z,w)( quq2) = ZiWi\z,w)( qim ), for each i (= 1,2,3) 

The above eigenvalue equations are the SU(3) analogs of the corresponding SU(2) equa- 
tions in (23). The coherent states in (50) can also be written as 5 : 

OO 

\ Z i W > (qim)~ 6X P d^dg + »1»2°3 2^ U ^l^2,0l i/i i/ 2 0/ 

NiN 2 M X M 2 \ 1>V2 =o 



J Thc proof is given in the next section. 
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In (53): 



U VI ,1-2,0 



v /(Zi + i/i)!(/ 2 + ^2)!^i^2! 



(54) 



Further, the two summations in (53) can be performed to get the final compact exponential 
form (see section 3.1 ): 



h 



\ z i w >(gi,g 2 ) = 



Zi 1 z 2 



exp 



Z1Z2Z3 
exp 



— — —a\a\a\ + W1W2W3 — — —b\b\b\ 
N,N 2 3 M ± M 2 3 



1 1 

ZiWi^—a\b\ + Z2W2^^a\b\ 



\h h 
lo 



(55) 



The proof for the resolution of identity for the fixed charge SU(3) coherent states (53) is 
similar to that for the case of SU(2). We start with a direct product of 6 Heisenberg-Weyl 
coherent states: 



\z, w >j 



exp {z-a} + w-b r )\0,6> 



E 



E 



ra „ m „ \z, w)\ mi , m2 . 



*mi,m 2 ,m :i 



m 3 , 



Tli,n2,Tl3=0 mi,T7l2,m3=0 



In (56), 



mi,m2,wi3 V ' / 



______ - ^. 

2 



ni!n 2 !n 3 !mi!m 2 !m 3 ! 

The coherent states defined by (56) trivially satisfy the resolution of identity: 

/ Mz,w)\z,w) hwhw (z,w\ =1 

where, dfi(z,w) = n 3 =i ^ 2-u; j e~^ 2+ ^ 2 \ We now expand J in (58) as: 

. 00 00 00 00 

n=0 m=0 f = Q p=0 

and rearrange the summations by inserting the following identities 



91 



'12 



qi' 



]T S((h + k- 2/3) - (pi + p 2 - 2p 3 ) - g 2 ') 



-m 2 ) 


-ft) 


= 1 


-2m 3 ) 


- 92) 


= 1, 


-P2) 


-ft') 


= 1 


-2p 3 ) 


-ft') 


= I. 



(56) 



(57) 



(58) 



(59) 



92' 
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The identities in (59) are SU(3) analogs of (26) and like in the case of SU(2), the angular 
integrations lead to: 



|ni, n 2 , n 3 \/ni, n 2 , n 3 | 

M / a H'Vi jrl )Ll J i Imi,m2,m3/Wi,m2,m 3 l 

?l,92n 3 =0m=0 i=l 1 l " 

= S / (91,92) (91,92) (^^1 (60) 



91,92 



In (60), (ni,n 2 ) are given in terms of charges ( 51,52) by equations (48). 



3.1 Nonlinear Formulation 

We define the non-linear SU(3) charge coherent states as the common eigenvectors of the 
following operators: 

f(N 1 ,N 2 ,N 3 )a 1 a 2 a 3 \z,wJ,g) quq2 = z 1 z 2 z 3 \z,wj,g) q/l2 
g(M 1: M2,M 3 )bib 2 b 3 \z,wJ : g) qi:q2 = w 1 w 2 w 3 \z,wj,g) quq2 (61) 

The number operators in (61) (N, M) have been defined in the previous section. We now 
define 

00 00 

%wj,g> iqi , q2) = £ £ CZ, m2 , m ^z,w,f,g)\^^ 3 ) (62) 

n 3 =0 mi,m2,m3=0 



In (62) (ni,n 2 ) are defined in (48). The equation (61) implies: 

cZ,m*,mM™, f, g ) = ^__ /( ^ I ^ _ — _ ^cz;X,m 3 &™, f,g) 

= ^ m x m 2 m 3 g(m x - l,m 2 - l,m 3 - l) C ^-^-i,m 3 -i(z, w, f, g) (63) 

Note that: 

CZ, m2 , m M wj = l,g = l) = BZ, m2 , ms (z, w) (64) 
where B^ i m2 m3 {z,w) are defined in equation (51). Iterating equation (63), we find: 



= = " 3)!( " 2 = ~ rf m2 = m,)l <«> 

1 ' 2 ' 3 V ni!n 2 !n3!mi!m 2 !m 3 ! 

-pj- *1 ^2 ^3 yr Wl W 2 W 3 _ 

tk f(ni -k,n 2 - k, n 3 - k) ff ( mi - Z, m 2 - /, m 3 - I) " 3 ,m 2 -m 3 ,o^ w ' /> 9) 



The equation (64) implies: 



Jl+Vl h+V 2 U 2 

c^„ A z, a, i,D= = 1. sl a (66 ) 

V (*1 + ^l)K*2 + v 2 )W.v 2 \ 
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In (66) C° q is given by the equation (53). Substituting C\ 
and after some algebra, we get: 



713 

mi,m 2 ,rrt3 



from (65) into (62) 



oo oo i 6 IJI3 

\ti,f,g>to*)= e CoErT(n^ t rnw+^2+i ) M 3 +i) 



vi,v 2 =0 m 3 =0 ""-J- j=l 

3 n.3 



/=1 



OO-l .3 «3 

E -id! + k,N 2 + k,N 3 + k)\ 1 ^ ^ o°>(67) 

n 3 =o' i3 - i=l fc=l 

In (67), fi = mi - m 3 , z/ 2 = m 2 — m 3 and the operator if is given by: 

1 



H f (N u N 2 ,N 3 ) = 
4(M 1? M 2 ,M 3 ) = 



iViiv 2 /(^-l,^- 1^3-1) 

1 

.V/,.U> ^(Mi - 1, M 2 - 1, M 3 - 1) 



(68) 



Using the operator identities: 

"3 

(444) H3 II Hf(Ni + k, N 2 + k, N 3 + k) = [H f (N u N 2 ,N 3 )a[cial 

k=l 

(6}654) m3 n4(M + ^^2 + Z,M 3 + Z) = [# s (Mi, M 2 ,M 3 )b\b\bl 
1=1 

in equation (67), we get: 

\z, w, f, g >( quq2 ) = exp \zi z 2 z 3 H f a\a\a\ + WiW 2 w 3 H g b\b\b\ 

00 

vi,V2,0 I v\ U2 / 

^1,1^2=0 



".3 



m 3 



(69) 



(70) 



Note that the additional summations over the indeces v\ and v 2 in (70), corresponding to 
the second fundamental representation of SU(3), are abscent for the SU(2) case. These 
two Ui summations can also be exponentiated to finally get: 



\z,w, f,g >( qi , q2 )= C exp \z 1 z 2 z 3 H /444 + WiW 2 w 3 H g b\b\bl 
exp 



ziWi^—a\b\ + z 2 w 2 ^^a 2 b 2 



No 



^2 

■ hzoh 



h h 




(71) 



Comparing (71) with (55) for f=g =1, we get: Cq = Z1 J^ 2 2 ■ The coherent states in (71) 
are the SU(3) analogs of (34) for SU(2). 



4 Coherent States with SU(N) Charges 

In this section we will find that the SU(3) formulation of section 3 can be recast into 
SU(N) co-variant formulation by some simple substitutions. The SU(N) group is of rank 
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(N-l) and therefore it has (N-l) fundamental representations [16]. For it's Lie algebra it 
is convinient to use the Cartan-Weyl basis and generalize the notations of section 3 . The 
(N-l) mutually commuting generators belonging to the Cartan subspace will be denoted 
by H a , a=l,2,...,(N-l) and the raising and lowering operators by E a , a = 1,2, ^ N ~ N \ 
The SU(N) Lie algebra in the Cartan Weyl basis is: 

H a ,H b ] = 0, 

[H a ,E a ] = K a (a)E a 

E a ,EP] = K{a).H if a = -13 

= N^E 1 otherwise. (72) 

In (72), K(a) are the (N — 1) dimensional root vectors corresponding to the ladder 
operator E a . N^n are constants depending on N and are non-zero only if K(a) + K(j3) = 
i?(7). The algebra (72) has (N-l) fundamental representations which will be labeled by 
the index F (= 1,2,. ...(N-l)) such that the F th representation is of dimension n Cf- The 
generators in this representation will be denoted by (H a (F), E a (F)). To construct the 
first fundamental representation (F=l) we define N 2 ,N(E)N matrices e lJ , i,j=l,2,..,N 
whose matrix elements are given by e^ki = The generators belonging to the first 

fundamental representation can now be written as: 

H a (l) = E - ae a+la+1 , E a (l) = e l \ i > j (73) 

The higher fundamental representations can be built out of (73). Following the previous 
section on SU(3), we introduce (N-l) sets of harmonic oscillators creation-annihilation 
operators (aj(F), a\(F)), F = 1, 2, .., N—l; i = 1,2, ... n Cf- We now have the Hilbert space 
characterized by the occupation numbers rii(F) corresponding to each of these oscillators. 
At this stage, it is convenient to think of a^F) and n,i(F) as the i th components of N C F 
dimensional vectors a(F) and n(F) respectively. An arbitrary occupation numbers state 
can now be denoted by |n(l), n(N — 1))) where n(F) is a set containing n Cf integers 
rii(F), {i = 1,2, ... n Cf)- We define the SU(N) charge operators as: 

N-l N C F 

Qa=J2 E ^(F)(H a (F)) ijaj (F) 

F=l i,j=l 
N-l N C F 

Z%* 3 = E E al(F)(E^F)) kiai (F) (74) 

F=l k,l=l 

It is easy to check that the operators defined in (74) satisfy the SU(N) Lie algebra (72). 
Just like in the case of SU(2) and SU(3), the (N - 1) Casimirs of SU(N) are simply the 
(N - 1) types of number operators, i.e,: 

N C F 

C(F) = E at(F)ai(F), F = 1, 2, .., (N - 1). (75) 
i=i 
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We now define (N-l) complex vectors 6 z(F) of dimensions N Cp respectively. The SU(N) 
coherent states which are eigenstates of the (N-l) Casimirs are defined as [9]: 



N-l 



N-l 



\z(l),...,z(N-l)> {ci> .., CN _ l) = [U S mc F )} exp £ (z(F)-at(F))|0,...,0> (76) 



F=l 



F=l 



In (76), the (N - 1) 5 function constraints imply that the states on the left satisfy: 

dFMl),..,^-!))^..^ = cH^l),..,^-!))^..^). (77) 

The coherent states in (76) are defined on the SU(N) manifold [9]. On the other hand, 
the fixed SU(N) charge coherent states are given by: 



.(JV-l) 



7V-1 



|z(l),.,^ -!))„_, = [ J] S lQa , qa {\ expJ2m^(F)\0,..J) 



a=l 



(78) 



F=l 



Again, (78) is a generalization of (22) and (45). The coherent states (78) are defined on 

the complex manifold (C) .At this stage, for the sake of simplicity, we consider 

only F=l and F = (N - 1) representations (i.e, n(F) = for F = 2, 3,...(N-2)). They are 
both N dimensional and conjugate to each other. In this simple case, we further denote 
n(F — 1) = n and n(F = N — 1) = m. The (N - 1) S function constraints in (78) demand 
that the occupation number be the the eigenvectors of the (N - 1) charge operators Q a 
given in (74): 



Qmi, U2,...,n N \ _ I Tii, n,2,..., 
a \mi,m2,...,rnff I y« Imi,m2,...,mjv 



,X>, F = 1,2,.., (N-l). 



(79) 



The (N - 1) equations in (79) can be easily solved for the first (N - 1) occupation numbers 
(ni, ri2, .., ri(jv-i)) in terms of the (N - 1) SU(N) charges (91, 92, ...q(N-i))- 



N-l 



Hi 



n N + k+ a ( m a - ma+i), 



1,2,.., N-l. 



10) 



where k = E^ 1 (£(?. 

- q a -i)- The equation (80) is the SU(N) generalized form of the 
equation (49) for SU(3). We can now directly write down the SU(N) analog of (53): 



\ Z 1 W >(qi,,q N -l) = eX P 



Zl..Z N 



Nl.N 



N-l 



t t Wl ..w N t t i v 



M X ..M 



N-l 





v 1 ,..,v N _ 1 ,0 



u lt ..,i> N -i=0 



\{h+vi) (12+V2)--..(In-i+vn-i) 
v\ V2 ■■■■ fjv-i 



In (81), 



C° = 

v 1 ,..,v N _ 1 ,0 — 



Ji+vi Jiv-i+fJV-i vi „„ v *i-i 
z l ■■■ Z N-1 w l ---Wn-I 

(h + V 1 )\...(l N _ 1 + V N - 1 )\v 1 \...V N - 1 \ 



(81) 



(82) 



'Note that for N=3, we get the results of section 2 with z(l) = z and z{2) = w. 
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Like in the SU(3) case, the compact exponential form is 

1 



\z,w >(,i,.,, JV _ 1 )= C exp 
1 



Z±..Zn-1 



al-.a^^ + w 1 ..w N -i 



N-l 



N-l 



exp 



ziwi^-a\b\.. + ^at-iWat-i-t- ajv-i^jv-i 

J\i jVjv-i 



iZi (2 ...ijv-i \ 

lo ....0 / 



where, 



Co 



7,! v'/^T 7 
The coherent states with SU(N) charges in (81) satisfy: 



7i \Z, w)q 1 ,q 2 ,...q N - 1 



91, 92, -q N- 



1a \Z,W) 
ZjWj\z, Ul) q lt q 2 ,.. 



. l ,a= 1,2..., N-l 



9iV-l 



1,2, ...,7V 



(ri a i)i^ 

i=i 

N 

( n*)i* 



9l,92,---9Af-l 



91,92,---9AT-1 



(n^)i f '' 
i=i 



91,92, ■■■9JV-1 



91,92,— 9JV-1 



i=l 



The equations in (85) are the SU(N) analog of (52) for SU(3). 



(83) 



(84) 



(85) 



4.1 Nonlinear Formulation 

As in the case of SU(3), we now define the non-linear SU(N) coherent states by generalizing 
(61). We now have (N-l) conditions: 

N c F 



i=i 



f F (N u ...,N N ) U a i( F )\ \z(l)..,z(N-l);f 1 ,..,f F > 

N C F 



= [I] \z(l)..,z(N-l);f 1 ,..,f F >, F = 1,2., N-l (86) 

i=i 

For the sake of simplicity, we again restrict ourselves to only F = 1 and F = (N - 1) 
fundamental representations. Denoting f F =i and f F=N _ 1 by f and g respectively, the 
equations in (86) reduce to: 

/(A\, .., N N )ax..a N \z, w, f, g) qu .., qif _ 1 = z x ...z N \z, w, f, g) qu .., qif _ 1 
g(M l ,...,M N )b 1 ..b N \z,w,f,g) qi ^ qN _ 1 = w±...w N \z, w, f, g) qu .., qtf _ l . (87) 

Again, the construction of \z,w, f,g) qi ,..,q N _ 1 is similar to that of section 3 for SU(3). We 
define: 



H g (M±, M 2 , Mn-i) = 



N.N^.N^ f(N, -1,N 2 -1,..., N N _x - 1) 

1 

MiM 2 ..Mjv_i g(Mi - 1, M 2 - 1, M N ^ - 1) 



(88) 
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Like in the SU(2) and SU(3) cases we now get: 



\z,w, f,g > ?1 ,.., 



, , , — exp 

oo 





z 1 ..z N Hf a\..aJ N + wi..w N H g b\..W N 



C 



\(h+i>i) {I2+V2)— -(In-i+vn-i) 



vn-i 



exp 



^ui,..,v N - lt 

^i,..,^iv-i=0 

z ± ..z N Hf a\..a} N + Wi..w N H g b\..b\ 
1 



0) 



= Cq exp 



N 



ZxWx-^-albl + ... + zn^iWn-x^- ajv^&jy^ 

Ni -/Vjv-i 



\h h 
lo 



■In-i \ 
/ 



(89) 



In (89) C° v N _ u o and Cq are given by (82) and (84) respectively. We also note that 



\z,w,f = l,g = 1 > 



qi,-,qN 



a = \z,w > qu 



,QN-l • 



All the explicit constructions in this 



section can be generalized to include the other SU(N) fundamental representations. 



5 Summary and Discussion 

In this paper we have exploited the representation of SU (N) Lie algebra in terms of har- 
monic oscillator creation and annihilation operators to construct SU(N) coherent states 
with fixed (N - 1) charges belonging to the SU(N) Cartan subspace . These fixed charge 
coherent states are obtained by simply modifying the constraints for the corresponding 
generalized coherent states which are defined over different possible irreducible represen- 
tations of the group. Further, it is easy to generalize this Schwinger boson construction 
to define non-linear SU(N) coherent states. We should also mention that the techniques 
described in this work using harmonic oscillators are extremely simple compared to the 
standard method. This is because the standard definition of SU(N) coherent states be- 
longing to a representation R of SU(N) is: 

\g> R =T R (g)\fi> R (90) 

where g is an SU(N) group element characterized by (iV 2 — 1) compact parameters, T R (g) 
is the corresponding matrix and |/i >r is an arbitrary weight vector in the representation 
R respectively. Therefore, to define \g >r, we not only need to know the group manifold 
with the Haar measure, we also need to know all the representations of SU(N). Further, 
for bigger SU(N) groups and their higher representations it becomes extremely difficult 
to analyze (90) because of large matrix structures and too many parameters describing 
the group manifolds. This should be contrasted with (15), (40) and (76) where all these 
inputs are part of the formulation itself. Infact, this leads to enormous simplifications for 
N > 3. We, therefore, expect that generalization of our techniques to an arbitrary Lie 
group will be convenient and useful. The work in this direction is in progress and will be 
reported elsewhere. 
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